Abstract In this investigation, the Control Volume based Finite Element Method (CVFEM) is used to simulate the natural convection heat transfer of Cu-water nanofluid in an annulus enclosure. The Maxwell-Garnetts (MG) and Brinkman models are also employed to estimate the effect of thermal conductivity and viscosity of nanofluid. The governing parameters are the Rayleigh number, nanoparticle volume fraction and the aspect ratio (ratio of the outer radius to the inner one). Results are presented in the form of isotherms, streamlines, local and average Nusselt numbers. The results indicate that increment of the aspect ratio increases the value of average Nusselt number. Moreover, the angle of turn for the boundary condition of the inner cylinder significantly affects the values of local Nusselt number, average Nusselt number, streamlines and isotherms.
Introduction
Study of natural convection heat transfer in the annulus between two horizontal concentric cylinders has been the topic of interest for researchers because of the wide applications in engineering and industry such as nuclear reactor design, aircraft cabin insulation, cooling system in electronic components, solar collector-receiver, thermal storage system and vapor condenser for water distillation and food process [1, 2] . The literature survey shows that there is numerous works on both experimental and numerical investigation natural convection heat transfer between two concentric circular cylinders. Kuehn and Goldstein [3] conducted an experimental and theoretical study of natural convection in concentric and eccentric horizontal cylindrical annuli. Kuehn et al. [4, 5] presented experimental and numerical studies of steady-state natural convection heat transfer in horizontal concentric annuli, in which the effects of Rayleigh and Prandtl numbers and aspect ratio were parametrically explored and correlating equations, were proposed as well. The numerical and experimental analysis of natural convection from a horizontal cylinder enclosed in a rectangular cavity has been performed by Cesini et al. [6] . They investigated the effect of the cavity aspect ratio and the Rayleigh number on the isotherms and Nusselt number. Their results show that with increasing Rayleigh number, the average heat transfer coefficients increases. Bararnia et al. [7] studied the natural convection around a horizontal elliptic cylinder inside a square enclosure using LBM. They found that streamlines, isotherms and the number, size and formation of the cells strongly depend on the Rayleigh number and the position of inner cylinder. The forced and free convection for thermally developing and fully developed laminar airflow inside horizontal concentric annuli has been investigated experimentally by Mohammed et al. [8] . This investigation revealed that the Nusselt number is considerably greater for developing flow than the corresponding values for fully developed flow over a significant portion of the annulus. Ghaddar [9] reported the numerical results of natural convection from a uniformly heated horizontal cylinder placed in a large air-filled rectangular enclosure. He observed that flow and thermal behavior depend on heat fluxes impose on the inner cylinder within the isothermal enclosure. Hussain and Hussein [10] investigated the natural convection phenomena in a uniformly heated circular cylinder at different vertical locations immersed in a square enclosure filled with air numerically. Their result showed that the average and local Nusselt number values increase with different upward and downward locations of the inner cylinder with increasing Rayleigh number. Haldar [11] reported numerical study of combined convection through a horizontal concentric annulus using a combination of vorticity-stream function and primitive variables formulations. It was found that with increasing axial distance, the entry effect diminishes, while the buoyancy becomes stronger. Natural convection in cavities with constant flux heating at the bottom wall and isothermal cooling from the sidewalls is investigated numerically by Sharif and Mohammad [12] . They analyzed the effects aspect ratio, inclination angles, and heat source length on the convection and heat transfer process in the cavity. Their results showed that the average Nusselt number and maximum temperature change mildly with aspect ratio as well as with heat source length. Cheikh et al. [13] studied the natural convection cooling of a localized heated plate embedded symmetrically at the bottom of an air-filled square enclosure. Khanafer et al. [14] firstly conducted a numerical investigation on the heat transfer enhancement due to adding nano-particles in a differentially heated enclosure. They found that the suspended nanoparticles substantially increase the heat transfer rate at any given Grashof number. Natural convection heat transfer in an inclined enclosure filled with a water-CuO nanofluid is investigated numerically by Ghasemi and Aminossadati [15] . They found that the heat transfer rate is maximized at a specific inclination angle depending on Rayleigh number and solid volume fraction. Aminossadati and Ghasemi [16] presented the results of a numerical study on natural convection in a partially heated enclosure from below and filled with different types of nanofluids. Their results showed that the increase of solid volume fraction of nanoparticles causes the heat source maximum temperature to decrease particularly at low Rayleigh numbers. Nabavitabatabayi et al. [17] presented a numerical study on the heat transfer performance in an enclosure including nanofluids with a localized heat source. They observed that by adding nanoparticles to base liquid causes the maximum temperature decrease on account of the irregular motion of nanofluids and, more importantly, the higher energy transport rate inside the fluid. Abu-Nada et al. [18] investigated natural convection heat transfer enhancement in horizontal concentric annuli field by nanofluid. They found that for low Rayleigh numbers, nanoparticles with higher thermal conductivity cause more enhancement in heat transfer. Bararnia et al. [19] [21, 22] . Soleimani et al. [23] studied natural convection heat transfer in a semi-annulus enclosure filled with nanofluid using the Control Volume based Finite Element Method. They found that the angle of turn has an important effect on the streamlines, isotherms and maximum or minimum values of local Nusselt number. Ghasemi et al. [24] have been performed numerical study on Natural convection between a circular enclosure and an elliptic cylinder using Control Volume based Finite Element Method. Their results showed that streamlines, isotherms, and the number, size and formation of the cells inside the enclosure are strongly depended on these parameters which considerably enhance the heat transfer rate. Natural convection of nanofluids in an enclosure between a circular and a sinusoidal cylinder in the presence of magnetic field is studied by Sheikholeslami et al. [25] . They used Control Volume based Finite Element Method to simulate flow field and heat transfer. They found that also it is found that the average Nusselt number is an increasing function of nanoparticle volume fraction, the number of undulations and Rayleigh numbers while it is a decreasing function of Hartmann number. Sheikholeslami et al. [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] also have been applied CVFEM and other numerical method in order to numerical simulation of flow and heat transfer in complex flow and geometric such as Magnetohydrodynamic free convection and nanofluid. In the present study, the effect of the Rayleigh number, nanoparticle volume fraction and aspect ratio on natural convection heat transfer in an annulus enclosure filled nanofluid has been studied numerically using the Control Volume based Finite Element Method (CVFEM).
Geometry definition and boundary conditions
The geometry and the mesh of the present problem are shown in Fig. 1 . The outer wall is maintained at constant temperature T c . The upper part of inner circular wall is under constant heat flux while the lower part is adiabatic. The boundary conditions for the present problem as shown in Fig. 1 
are as follows:
H ¼ 0:0 on the outer circular boundary @H=@n ¼À1:0 for 0 < f < c @H=@n ¼ 0:0 for c < f < 360 on the inner circular boundary
The values of vorticity on the boundary of the enclosure can be obtained using the stream function formulation and the known velocity conditions during the iterative solution procedure.
Mathematical modeling and numerical procedure

Problem formulation
The flow is considered to be steady, two-dimensional, incompressible and laminar. The governing equations under Figure 1 (a) Geometry and the boundary conditions with (b) the mesh of semi-annulus enclosure considered in this work. Table 1 Thermophysical properties of water and nanoparticles [15] . Boussinesq approximation and laminar and steady state natural convection can be obtained as follows: Figure 2 Comparison of the equivalent thermal conductivity on inner and outer cylinder with experimental results of Kuehn and Goldstein [3] for annulus at Ra = 5 · 10 4 . Figure 3 Comparison of the isotherms between present study and experimental study of Grigull and Hauf [42] for Gr = 1.22 · 10 4 . Figure 4 Comparison of the temperature on axial midline between the present results and numerical results obtained by Khanafer et al. [14] for Gr = 10 4 , / = 0.1 and Pr = 6.2 (Cu-Water). 
where the effective density (q nf ) and heat capacitance ðqC p Þ nf of the nanofluid are defined as:
where / is the solid volume fraction of nanoparticles. Thermal diffusivity of the nanofluids is
and the thermal expansion coefficient of the nanofluids can be determined as
The dynamic viscosity of the nanofluids given by Brinkman [43] is
and the effective thermal conductivity of the nanofluid can be approximated by the Maxwell-Garnetts (MG) model as [18] :
The stream function and vorticity are defined as follows:
The stream function satisfies the continuity Eq. (2). The vorticity equation is obtained by eliminating the pressure between the two momentum equations, i.e. by taking y-derivative of Eq. (3) and subtracting from it the x-derivative of Eq. (4). This gives:
@w @y
By introducing the following non-dimensional variables: 
where Ra f ¼ gb f L 3 q 00 L=ða f m f k f Þ is the Rayleigh number for the base fluid, and Pr f = m f /a f is the Prandtl number for the base fluid. The fluid in the enclosure is Cu-water nanofluid and the thermo-physical properties of Cu-nano particles and based fluid are shown in Table 1 [14] .
The local Nusselt number for the wall with constant heat flux is obtained for the nanofluid case using the relation: 
where H s is the local dimensionless heat source temperature. The average Nusselt number is determined by integrating Nu local (f) along the heat source:
Physical model and numerical procedure
A FORTRAN control volume finite element method code is used in this work [44] . The building block of the discretization is the triangular element and the values of variables are approximated with linear interpolation within the elements. The control volumes are created by joining the center of each element in the support to the midpoints of the element sides that pass through the central node i which creates a close polygonal control volume (see Fig. 1b ). The set of governing equations is integrated over the Control Volume with the use of linear interpolation inside the finite element and the obtained algebretic equations are solved by the Gauss-Seidel Method.
Grid study and validation of the present code
To test and assess the grid independence of the solution scheme, numerical experiments are performed for eight different mesh combinations for of Ra = 10 5 and / = 0.06 for Cu-water nanofluid. Calculating the average Nusselt number on the inner circular wall with heat flux is used to test for grid independence in the present code. As seen in Table 2 a grid mesh of 81 · 241 is suitable to describe the flow and heat transfer process accurately. The convergence criterion for the termination of all computations is: where m is the iteration number and C stands for the independent variables (X,W,H). In order to validate the numerical results of the present study they are compared with other works reported in [3, 42] as seen in Figs. 2 and 3 . Table 3 shows the comparison of the averaged Nusselt number versus Rayleigh number with those obtained by Sharif and Mohammad [12] . Fig. 4 illustrates an excellent agreement between the present calculations 
Results and discussion
In the present study, natural convection heat transfer of Cu-water nanofluid in an annulus is investigated. ), aspect ratio (rr = 2, 3), volume fraction of nanoparticles (/ = 0%, 2%, 4% and 6%) and constant Prandtl number (Pr = 6.2).
To show the effect of nanoparticles on the streamlines and isotherms of pure fluid and nanofluid for different values of aspect ratio results are presented in Fig. 5 ; increasing of nanoparticles volume fraction, the velocity component increases and isotherms are expanded due to the increase in the energy transport in the fluid. Also it indicates that the effective thermal diffusion in nanofluid is greater than that in the base fluid which is due to the augmentation of effective conductivity. The sensitivity of thermal boundary layer thickness to the volume fraction of the nanoparticles is related to the increased thermal conductivity of the nanofluid. The high value of thermal diffusivity causes a drop in the temperature gradients and accordingly increases the boundary layer thickness. Thus, the absolute values of stream functions indicate that the strength of flow increases with increasing the volume fraction of nanofluid.
At Ra = 10 3 , conduction is the dominated mechanism for heat transfer compared to the convection. The buoyancy force increases with growth of Rayleigh number which overcomes the viscous force; hence heat transfer is dominated by convection at high Rayleigh number. Fig. 6 presents the comparison of the isotherms (top) and streamline (bottom) contours for different values of Rayleigh numbers and c (c = 180°and 360°) at rr = 2, / = 6%. As can be seen at Ra = 10 3 , the isotherms are uniforms and parallel to each other. As the Rayleigh number increases up to Ra = 10 5 , the isotherms become more distorted due to the domination of convective heat transfer. In addition, the thermal boundary layer on the surface of the inner cylinder becomes thinner at higher Rayleigh number. Also a thermal plume appears at the top of the inner cylinder (heat source surface). As seen in this figure, for all cases, when c increases, the maximum value of absolute stream function increases which indicates the domination of the convection mechanism.
The evolution of the flow and thermal fields with Rayleigh number for different values of c (c = 180°and 360°) at / = 6% and aspect ratio of (rr = 3, 4) are presented in Figs. 7 and 8. Two symmetric counter-rotating rolls are formed at all Rayleigh numbers considered here. Also it is observed that for all Rayleigh number, the central vortex of the eddy is almost circular at c = 180°while it stretches horizontally for c = 360°. At c = 360°, two vortices appear at the center but when c decrease to 180°, the center of inner vortex moves upward. As Rayleigh number increases up to 10 5 , the core of the two vortices moves toward the top of inner cylinder and approaches the vertical centerline of the annulus because of the convection effect. As a result, the isotherms become more distorted above the inner cylinder. For lower Ra Ra and diffusion is the principal mode of heat transfer. As the angle of turn (length of the heat source) increases, the value of absolute stream function increases which indicates that as c increases, effect of the convection mechanism increases. As a result, the size of the inner circular cylinder has a great effect on streamlines and isotherms inside the circular cylinder. As shown the smaller size of inner cylinder provides the more room for flow circulation. The local Nusselt number profile along the heated surface for different Rayleigh numbers, nanoparticle volume fractions and different angles of turn is depicted in Fig. 9 . It is observed that with increasing the Rayleigh number, effect of convection increases which leads to an increase in local Nusselt number. Also for all values of c and rr, the local Nusselt number increases with growth of nanoparticle volume fraction. It is to be noted that as Rayleigh number increases, the minimum and maximum values of local Nusselt number enhance. For all values of c, the value of the local Nusselt number is minimum at f = 90°due to existence of thermal plumes on the surface of the inner circular wall. By increasing the aspect ratio of the annulus (rr), for all values of c, volume fraction of nanoparticle and Rayleigh number and the local Nusselt number increases as a result of convective heat transfer near the heated surface of the inner cylinder. The local Nusselt number profile is almost symmetric to the vertical centerline and the minimum value of Nu local is obtained at f = 90°where the isotherms are coarsest by the occurrence of the plume. At c = 360°, the profile of local Nusselt number at rr = 2, 3 and 3 is the same but the value of Nusselt number at rr = 4 is greater than that for rr = 2 and 3.
Variations in the average Nusselt number on the heat source as a function of the angle of turn and nanoparticle volume fraction for different Rayleigh numbers and aspect ratio (rr = 2, 3 and 4) are presented in Fig. 10 . As can be seen from the figure, for all values of rr and c, the average Nusselt number increases with increase of nanoparticle volume fraction and Rayleigh number. Also it can be observed that, the variation in average Nusselt number with respect to c is small at Ra = 10 3 . At Ra = 10 4 , the variation in average Nusselt number is more noticeable than Ra = 10 3 . For all value of Rayleigh number, the average Nusselt number at c = 180°is greater than that of c = 360°. As seen in Fig. 10 , with increase of aspect ratio from 2 to 3 and 4, the average Nusselt number increases for all values of Rayleigh number. Also it can be found that the effect of nanoparticles is more pronounced at low Rayleigh number than that at high Rayleigh number because of the greater heat transfer enhancement rate. This observation can be explained by noting that at low Rayleigh number the heat transfer is dominant by conduction. Therefore, the addition of high thermal conductivity nanoparticles will increase the conduction and make the heat transfer enhancement more effective. Fig. 11 shows the comparison between the average Nusselt number of hot surface for different aspect ratio, Rayleigh number and angle of turn at / = 0.06. These figures show that when the aspect ratio enhances, the average Nusselt number increases.
Conclusions
This study investigates the natural convection heat transfer natural convection heat transfer of Cu-water nanofluid in an annulus. The upper part of inner circular wall is under the constant heat flux while the lower part is adiabatic and outer circular cylinder has constant cold temperature. The Control Volume based Finite Element Method (CVFEM) was used for flow and thermal fields. The numerical results are obtained for different values of volume fraction of the nanoparticles, Rayleigh numbers, angle of turn for boundary condition of the inner cylinder and aspect ratios. The important results are presented as follows:
The average Nusselt number is an increasing function of Rayleigh numbers. The increase of volume fraction of the nanoparticles causes a greater average Nusselt number particularly at high Rayleigh numbers where the convection is the main heat transfer mechanism. The increase of aspect ratio increases the value of average Nusselt number.
The minimum values of local Nusselt number is corresponding to existence of thermal plumes on the top surface of the inner circular wall of the enclosure (c min = 90°). As the angle of turn for boundary condition of the inner cylinder increases, the value of averaged Nusselt number on the heat source reduces.
